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The strong couphng constant for b quarks has been determined, and its flavour independence, as predicted by QCD, 
investigated. The analysxs revolved events with lepton candidates selected from approximately 356 000 hadronic decays 
of the Z °, collected by the DELPHI detector at LEP in 1990 and 1991 A method based on a direct comparison of the 
three-jet fraction in a b enriched sample, selected by requiring leptons with large momenta nd transverse momenta, to 
that of the entire hadronlc sample, illustrated the sigmficant effect of the b quark mass on the multi-jet cross section, 
and verified the flavour independence of the strong couphng constant to an accuracy of -t-6%. A second procedure 
based on a fit to the momentum and transverse momentum spectra of the lepton candidates in both two-jet and 
three (or more)-jet event samples imultaneously determined the b content in each, and, using second order QCD 
calculaUons, gave an absolute measurement of as for b quarks of 0.118 ± 0.004 (star.) + 0.003 (syst.) 4- 0.008 (scale). 
A comparison with as for all quark flavours, as measured from the three-jet fraction in all hadronic events, further 
allowed the couphng strength for b quarks to be expressed in terms relative to that for udsc quarks, thereby cancelhng 
certain common systematic uncertainties, and ymlded b udsc %/% = 1.00 ± 0.04 (stat.) ± 0.03 (syst.). 
1. Introduction 
The strong coupling constant, as ( Q2 ), is, apart from 
the quark masses, the fundamental parameter of the 
theory of Quantum Chromodynamics, QCD. Its de- 
termination is therefore an important experimental 
goal with many different methods of analysis being 
employed [1,2]. Presently the error on as, as deter- 
mined from a study of topological variables [3,4], is 
5%, and is dominated by theoretical uncertainties, in
particular that due to the renormalization scale. 
For the most part, previous analyses have concen- 
trated on a determination of as without distinguish- 
ing between quark flavours. A further important test 
of the validity of QCD is to determine the coupling 
constant for the individual quark flavours as these are 
predicted by the theory not to differ. The first experi- 
ments to address the question of the relative strength 
of the strong coupling constant of heavy quarks, at 
centre-of-mass energies between 28 and 46 GeV [5], 
suffered largely from a lack of statistics and were thus 
unable to derive any precise conclusions. Better statis- 
tical precision was obtained from comparisons of C~s 
measurements in decay processes of cg and bb quarko- 
nium states with those in the lower energy continuum, 
where only the light uds quarks are produced [6]. The 
energy scales involved, however, are very different o 
those apphcable here. A further indirect method is to 
compare the three-jet rate, which is a measure of as, 
at the Z ° resonance with that at lower centre-of-mass 
energies where the flavour component of hadrons is 
very different. Extrapolating the results from lower 
energies to the Z ° resonance and then separating the 
contribution from quarks with different charges, one 
concludes that the strong coupling constants for u-type 
and d-type quarks agree to wathin 10% [7]. More re- 
cently, the L3 Collaboration [ 8 ] has studied the large 
yield of b events at the Z ° resonance, using the semi- 
leptonlc decay of the b as a tag; selecting events con- 
taining leptons with large momentum and transverse 
momentum relative to the nearest jet direction, and 
comparing the number of three-jet events In this b en- 
riched sample to that of the entire hadronic sample, 
the error for the relative strong coupling constant for 
b quarks was reduced to 8%. 
In this article, a description is presented of a mea- 
surement of the relative strength of the couphng con- 
stant for b quarks following a procedure similar to 
that in ref. [8]. Another approach presented here is 
to fit the momentum and transverse momentum spec- 
tra of the various processes yielding leptons to the 
corresponding distribution in the two- and three-jet 
data samples imultaneously. The b component in the 
two- and three-jet samples can thus be extracted and 
a measurement for as bobtained. Results adopting this 
procedure are also presented. The data correspond to 
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approximately 356 000 selected hadronlc Z ° decays 
collected uring the 1990 and 1991 LEP data taking 
periods at centre-of-mass energies on or around the 
Z ° peak. For the 1991 data, both muon and electron 
candidates within the hadronlc final state have been 
analysed, while for the 1990 data, only muon candi- 
dates have been investigated. 
chambers, with each module comprising two active 
layers, enabling the r, q~ and z coordinates of pene- 
trating charged particles to be recorded. The muon 
detection system in both forward regions consists of 
two modules of drift chambers arranged in quadrants. 
A module consists of two orthogonal planes of drift 
chambers with delay line readout, each providing 
xyz  measurements of the penetrating tracks. 
2. The DELPHI  detector 
The DELPHI detector at the Large Electron 
Positron collider at CERN has~ been used to collect 
a sample of events containing ~hadronic  final state 
produced by the decay of the Z ° into a q~ pair. A 
detailed description of the detector, the trigger con- 
ditions and the readout system can be found in ref. 
[9]. Here, only the main components of DELPHI 
relevant o this analysis are briefly described. 
The detector is centred on the interaction point 
and, in the barrel region, consists of a system of 
central tracking chambers and an electromagnetic 
calorimeter, positioned inside a superconducting 
solenoidal coil which provides a uniform magnetic 
field of 1.23 T. The central tracking detectors, which 
include the vertex detector, the inner detector, the 
time projection chamber (TPC) and the outer detec- 
tor, measure charged particles with an average mo- 
mentum resolution of a (p)/p = 0.00 lp in the polar 
angle region between 30 ° and 150 ° . The tracking of 
charged tracks in the forward region is supplemented 
by two systems of drift chambers on either side of 
the detector. The roam tracking element is the TPC, 
whose 192 sense wires provide a measurement of the 
energy loss, dE /dx ,  for charged particles, with a res- 
olution of +5.5% in dimuon events. The High Den- 
sity Projection Chamber (HPC) is the barrel elec- 
tromagnetic calorimeter. The HPC is a gas sampling 
calorimeter which measures with high granularity 
the three-dimensional charge distribution induced by 
electromagnetic showers, enabling the identification 
of electrons in a hadronic environment. Surrounding 
the solenoid is the return yoke of the magnet, instru- 
mented with hmited streamer chambers to serve as a 
hadron calorimeter. 
The muon detection system is contained within 
the outer layers of the yoke and beyond. The bar- 
rel muon detector consists of three modules of drift 
3. Selection of hadronic events containing a lepton 
The selection of hadronic Z ° decays was accom- 
plished essentially with charged particles [10 ], which 
were retained only if they satisfied the following cri- 
teria: 
(a) a distance of closest approach to the event ver- 
tex of less than 5 cm in r and 10 cm in z, 
(b) a measured track length of at least 50 cm, 
(c) a momentum greater than 0.1 GeV/c, 
(d) a polar angle in the region between 25 ° and 
155 ° . 
A sample of hadronic decays of Z ° was then ob- 
tained by requiring that: 
(a) the total energy of charged particles in each of 
the two hemispheres defined with respect to the beam 
axis was greater than 3 GeV (in calculating the energy, 
a plon mass was assumed), 
(b) the sum of energies in the two hemispheres ex- 
ceeded 15 GeV, 
(c) the total number of charged particles with mo- 
mentum above 0.2 GeV/c was greater than six, 
(d) the polar angle of the thrust axis was within the 
region between 40 ° and 140 ° . 
In addition, events containing charged particles 
with reconstructed momenta greater than 50 GeV/c 
were rejected. The cut on the charged multiplicity 
of the event reduced the contamination from z+z -
events to less than 0.1%. The cut on the polar angle 
of the thrust axis ensured that events were well con- 
tained within the active volume of the detector. The 
total number ofhadronlc Z ° events passing the selec- 
tion criteria was found to be 84 100 and 181 100 for 
the 1990 and 1991 data taking periods respectively. 
Those events in which the muon detection system 
(or the HPC) was operational were further subjected 
to the muon (electron) identification procedure. 
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Muon candidates were selected by requiring that 
particles detected in the tracking chambers penetrate 
the hadron calorimeter into the muon detection sys- 
tem. A complete description of the muon detection 
system and the procedure used in selecting muon can- 
dldates appears in refs. [ 11,12]. The salient features 
are repeated here for convenience. Charged particle 
tracks were extrapolated from the outer edge of the 
tracking chambers to the muon detector, taking into 
account the energy loss of the particle m the calorime- 
ter and allowing for multiple scattering. All charged 
particles whose extrapolated tracks were associated 
with a senes of hits in the muon chambers were treated 
as muon candidates. The analysis was restricted to 
muon candidates with polar angles in the regions be- 
tween 25°-45 °, 53°-88 °, 92°-127 ° and 135°-155 °,
thereby excluding regions with poor geometrical ac- 
ceptance. After applying these criteria, totals of 4610 
and 10 110 events containing muon candidates in the 
momentum range 4 to 35 GeV/c were selected m the 
1990 and 1991 data samples respectively. 
The identification of electrons was achieved by ex- 
amining the response of the HPC to charged parti- 
cles, and by the energy loss, dE /dx ,  measured in the 
TPC. As the analysis was restricted to the barrel re- 
gion, only particles with polar angles between 45 ° and 
135 ° were considered. In a first step the energy of 
the shower was measured from the total charge de- 
posited in the HPC. The initial electron selection then 
involved the use of a discriminant analysis in which 
several variables, V~, describing the longitudinal and 
transverse shower profiles in separate samples of elec- 
tromagnetic and hadronic showers of a given energy, 
were assigned, by means of Monte Carlo simulation, 
energy dependent coefficmnts (or weights), n, (E ) ,  
that maximized the separation between the electron 
signal and hadron background. The set of coefficients 
which corresponded to the energy that best matched 
that of the shower, was then applied to the variables 
obtained from the experimental data, and the prod- 
ucts n~ V, were summed to produce a single canonical 
variable. Electron candidates were then selected by ap- 
plying a loose cut on the canonical variable, such that a 
high efficiency (at the expense of a large background) 
was maintained, and by requiring a dE/dx  greater 
than 1.3 times that for a minimum mnizmg particle. 
A full descnptmn of the electron identification pro- 
cedure is given in ref. [ 13 ]. Finally, to reduce further 
the contribution from photon conversions and Dalitz 
pairs, electron candidates which could be combined 
with any oppositely charged particle arising from the 
same secondary vertex to form an invariant mass not 
exceeding 0.02 GeV/c 2, were removed. After applying 
these criteria, 7900 events containing electron candi- 
dates in the momentum range 3 to 30 GeV/c were 
selected in the 1991 data sample. 
4. Data analysis 
For the purpose of this analysis, the data were cat- 
egorized into three event samples containing: 
(a) inclusive muon hadronic events, 
(b) inclusive electron hadronic events, 
(c) all hadronic events. 
For each event in each of the three samples, charged 
particles were grouped into jets, using a particular 
jet finding algorithm, following the general procedure 
briefly outlined. For each pair (z,j) of particles a 
scaled mass was calculated from the corresponding 
four-momentum vectors according to a given defini- 
tion of the jet resolution variable, y,j, the value of 
which was required to exceed acertain threshold, you,, 
for particles to be resolved into different jets. The pair 
with smallest ytj which satisfied the condition y,j < 
Your was combined to form one pseudo-particle whose 
four-momentum was determined using a given recom- 
bination scheme. The procedure was repeated until 
all pairs of particles or pseudo-particles no longer ful- 
filled the requirement yzj < your. The remaining par- 
ticles or pseudo-particles are referred to as jets. A de- 
scnption of the available jet-finding algorithms, with 
their corresponding recombination schemes and jet 
resolution vanables, y,j, together with a discussion 
on their relative merits, appears in ref. [ 14 ]. The dif- 
ferent possibilities investigated in the course of this 
analysis are hsted m table 1. 
The processes yielding lepton candidates in 
hadromc decays of the Z ° can be classified into the 
following categories, l:
(1) b -+ #,e, 
(2) b---+c ~ #,e,  
(3) b---+ z ~ #,e ,  
(4) c --+ #,e 
(5) n ,K -~#;  n ,y -+e,  
(6) hadrons misidentified as leptons. 
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Table 1 
Definition of the jet resolution variable, y~j, and of the recombination schemes for various jet finding algorithms, Evts is the 
total visible energy of the event, and Pz - (E~,-fiz) denotes a 4-vector. 
Algonthm Reference Resolution, y~; Recombination 
E ° [151 (Pl +Pj)2/E~s Fk = (Ek/IF, +PjI)(F, +ffj) 
Ek =e l+E 1 
P [16] (P, +Pt)2/E~s -Pk = F~ +-Pj 
Ek = I~1 
Durham (D) [17] 2min(E],E2)( 1 -cosO, j ) /E~s Pk = P, + Pj 
Geneva (G) [14] 8EzEj(1 -cosOt; ) /9(E,  + Ej)  2 Pk = P, + Pj 
Categories t = 1 to 4 are processes yielding 
'prompt' leptons, while i = 5, 6 are regarded as 
'background'. 
Owing to the hard fragmentation ofthe b quark and 
its large mass, leptons arising from the decay of b- 
flavoured hadrons are characterized by their large mo- 
mentum, p, and transverse momentum, pr, relatwe 
to the direction of the parent hadron. Their contribu- 
tion to the lepton yield can therefore be separated on 
a statistical basis either by applying kinematic uts, or 
by using fitting techniques. In this analysis, both pro- 
cedures were investigated as they are subject to dif- 
ferent systematic uncertainties and are thus able to 
provide an important cross check of the final result. 
In method 1, as in ref. [8], a sample of events en- 
riched in b content was obtained by selecting events 
with leptons of large p and pT. The parent hadron 
direction was estimated by the direction of the axis 
of the jet to which the lepton is associated; this was 
determined using the Lund cluster algorithm, LU- 
CLUS [ 18 ], with the parameter, dj .... for the cluster 
distance scale set to 2.5 GeV/c. For the computation 
of the lepton transverse momentum, the momentum 
of the jet containing the lepton was re-calculated with 
the contribution from the lepton itself removed. The 
transverse momentum of the lepton was then mea- 
sured with respect o this new jet axis and is repre- 
sented by the symbol p~XC. Monte Carlo simulation 
studies how that the use ofp~- xe results m a purer sam- 
ple ofb events when kinematical cuts in the transverse 
momentum are applied. Having imposed large p and 
p~XC cuts, the b purity of  this sample was estimated 
from the Monte Carlo simulation which incorporates 
parameters obtained from fits to the inclusive lepton 
data [ 11 ]. The corrected fraction of three-jet events in 
the inclusive lepton sample was then compared with 
that of the entire hadronic event sample, in which the 
fraction of b events has been verified to agree with the 
Standard Model prediction [11,19-21 ]. Since the b 
content in the two samples is known, then the relative 
coupling strengths can easily be computed. 
Method 2 uses a more sophisticated approach. The 
inclusive lepton data were divided into two-jet and 
three (or more )-jet event samples, and the predicted 
spectra of the different processes yielding leptons were 
fitted to the observed istributions in p and/rr m both 
samples. In this way the b fraction in each of the two- 
and three (or more)-jet samples was determined and 
an absolute measurement for a b obtained by compar- 
ing the corrected experimental value to the prediction 
of the full second order QCD analytical expression, 
the coefficients for which have been calculated in ref. 
[16]. Here, in contrast o method 1, the transverse 
momentum was computed with the lepton included 
in the jet direction, and is represented by the symbol 
p~C. This definition is preferred in a fitting procedure 
as it has been shown to reflect better the dynamics 
of the mass of the heavy quark and to be less corre- 
lated with the lepton momentum [22]; these features 
lead to a more accurate measure of  the true pa- with 
respect o the parent hadron direction and enable the 
b content o be determined with minimal model de- 
pendence. 
4.1. Method 1: a comparison o f  the three-jet fractions 
in df ferent event samples 
By imposing p and p.~Xe cuts of 4 GeV/c and 1.5 
GeV/c respectively for muons, and 3 GeV/c and 1.5 
GeV/c for electrons, the fractions of b events in the 
two samples is greatly enhanced. The number of lep- 
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tons remaining after these cuts is 3480 (1590) in the 
1991 (1990) inclusive muon sample and 2190 in the 
1991 inclusive electron data. It is estimated from the 
Monte Carlo simulation program and from fits to the 
inclusive lepton data [11] that the b contents are 
(76 4- 4)% and (68 4- 6)% in the muon and electron 
samples respectively. 
The computed fractions of three-jet events (within 
a given recombination scheme with a given value for 
the minimum jet resolution cut-off, Y¢,,) in the two 
samples were compared with the fraction found in 
the entire hadromc sample, and the following ratios 
formed: 
R3(/) N3(l) Not(had) 
R3(had) - Not(l) N3(had) ' l = e or#,  
where N3 refers to the number of three-jet events in 
a given event sample, and Not IS the total number in 
that sample. 
These ratios were corrected for detector and 
hadronization effects, for each recombination scheme 
and for each value of Ycut using the Monte Carlo 
JETSET 7.2 Parton Shower model [18] - (the jet 
multiplicity at parton level was calculated from the 
final state partons at the end of the QCD shower). 
They can easily be expressed m terms of the contri- 
Rudsc bution from light quarks, 3 , and b quarks, R~, as- 
suming that the strong coupling constant is indepen- 
dent of the flavour of the light quark: 
RUaSC 7 R3(l) R~fl + 3 
R3 (had) - Rbp'b3 haa + R~ asc(1 - /°bad) '
where Pbaa is the b content in the hadronlc event sam- 
ple, (22.0 4- 0.5)%. The 13 and 7 terms are 
/3 = P cl + e#c2 + e#c, + e c, + e$c , 
y = P~Ce + P#a'~G + rgdscc6, 
where P~q denotes the contribution of process, z, due 
to quark flavour, q, to the inclusive lepton sample, as 
estimated from the Monte Carlo simulation model, 
such that 
~-~ P,q = 1. 
z=l,6 
The coefficients, C,, were required in order to account 
for the bias introduced by the imposition of the p and 
p~XC cuts of the leptons. Such cuts at detector level 
were found to inadvertently bias the event sample at 
the parton shower level, with the p (p}XC) cut tending 
to reduce (increase) the corrected three-jet fraction 
of the inclusive lepton sample. The net correction fac- 
tors, C, = Rq30)/Rq3, were determined from Monte 
Carlo simulation studies as a function of Y0ur for each 
of the processes, z,yielding leptons. While they were 
small for leptons from b decay (C1 ~ 0.94 to 1.0 de- 
pending on Ycut), they were found to be particularly 
sensitive to the modelling of background processes in 
the Monte Carlo simulation model. In view of the ap- 
parent sensitxvity, a large range of values was assigned 
to C5 and C6 for each ycut. For the 1991 muon sam- 
ple, typical values were C5 ~ 1.5 to 1.9 and C6 ~ 1.1 
to 1.3; the effect of thmr variation was incorporated 
into the systematm uncertainty. 
The above expression was then solved for the ra- 
tio Rb3/R~ dsc. Fig. 1 displays this ratio, as determined 
from the combined lepton data, for different recombi- 
nation schemes and yc~t values. It is seen that all four 
recombination schemes give results that are consis- 
tent with one another. The data points, however, have 
not been corrected for the effect of massive quarks 
which tends to reduce the three-jet cross section. Re- 
cent calculations [23] (which specifically include the 
Z ° propagator) based on 'massive' matrix elements 
giving the three and four parton cross section at O (as) 
and O (a~) respectively, predict hat for b quarks, the 
depletion of the three-jet rate is significant. Within the 
E ° scheme, for instance, the ratio of the three-jet cross 
secnon for b quarks to that for d quarks varies from 
0.90 to 0.96 as yc~t goes from 0.01 to 0.20. The devi- 
anon from unity is somewhat greater than that pre- 
dicted by the JETSET generator [ 18 ] when including 
the earher calculations of ref. [24] in whmh only the 
photon propagator, in O(as), had been considered. 
The new approach considers the different mass coeffi- 
cients entering the vector and axial terms of the three- 
jet production cross section and includes a more com- 
plete treatment of the available phase space [25 ]. The 
combined effect ~s a further eduction in the three-jet 
cross section for b quarks, of approximately 2% on 
average, with respect o that obtained from JETSET. 
In order to extract a measurement of the relative 
strength of the coupling constants, the predicted ratios 
Rb/R~ dsc were therefore corrected for mass effects. 
These were incorporated using the O (a~) and O (a 2 ) 
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tree level calculations of ref. [23]. As these calcula- 
tions do not include the complete O (a 2) corrections 
to the three-jet rate cross secUon, different approaches 
to their implementation were tried. As a first approx- 
imatmn, the mass correchons to O (as) only were di- 
rectly applied. A second, more appropriate approach, 
was to weight the O(as) and O(aZ~) predictions for 
massive quarks by the multi-jet cross-sections given 
by either of the massless Matrix Elements or the Par- 
ton Shower Monte Carlo generators of ref. [ 18 ]. The 
hatched area in fig. 1 encompasses the spread in values 
obtained when incorporating the mass effects in these 
different ways; a comparison with the data points Il- 
lustrates the significant effect of the b quark mass on 
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the multi-jet cross section. 
Systematic uncertainties were then investigated us- 
ing the numbers obtained within the E ° scheme and 
for a value of your of 0.06, which has the experimentally 
favoured property of yielding a large three-jet fraction 
for a given four-jet rate of approximately 0.5% [ 14]. 
At lower ycut values, where the four-jet rate becomes 
significant, the O(a  2) calculations at scale values of 
/~2 = s are known not to give a good description of 
the experimental multi-jet rate [15,26]. 
( 1 ) The size of the uncertainty due to hadronization 
effects was evaluated by determining the hadroniza- 
tion correction factors using the Monte Carlo Parton 
Shower model with different fragmentation tunings. 
Specifically, the mean value of xe = Ehadron/Ebeara 
for primordial b flavoured hadrons was varied in the 
range 0.68 ~< (xe(b)} ~< 0.74 [11,19,20,27] by ad- 
justing the £b parameter of the Peterson fragmentation 
function [28]; in addition, parameters of the Lund 
fragmentation function [29] for the udsc quarks were 
varied in a range compatible with tuned values [30]. 
(2) The stringent 17 and p~Xe cuts applied in order 
to achieve a b enriched sample of events severely re- 
duced the number of Monte Carlo events for the com- 
putation of the detector and hadronization correc- 
tion factors. The uncertainty introduced by the lim- 
ited Monte Carlo statistics proved to be one of the 
main contributions to the overall systematic error. 
(3) The uncertainties due to the errors on the per- 
centages, PT, in the inclusive lepton samples and the 
correction terms, C,, were also considered. The latter 
uncertainty was found to be particularly significant 
owing to the large correction factors applicable to the 
contributions from background processes. 
(4) The experimental error was obtained by repeat- 
ing the analysis for a variety of cuts on the polar an- 
gle of the thrust axis. Any deviatmn outside expecta- 
tions from statistical f uctuations was assigned to the 
systematic error. 
(5) Finally, a small systematic error was assigned 
due to the uncertainty inherent in implementing the 
mass corrections. 
The magnitudes of these uncertainties are listed in 
table 2. The final values (using the E ° scheme with Yc,t 
= 0.06) with their statistical and systematic errors, 
corrected for mass effects, are: 
# (1990):  
Table 2 
Systematic effects on the experimental measurement of
Rb / igudsc 3 J-'3 (method 1). A common systematic uncertainty of
5:0.03 is estimated within the muon samples, mainly from 
the background processes contributing to the r, ?, terms of 
(3). Systematlcs (1), (4) and (5) are also common to the 
muon and electron samples. 
Systematic A (R3/R udsc) 
1990 # 1991 # 1991 e 
( 1 ) hadronlzation +0.01 5:0.01 +0.01 
(2) MC statistics -t-0.08 :t:0.04 4-0.05 
(3) r ,  7 terms 5:0.05 5:0.04 4-0.05 
(4) detector effects ±0.01 5:0.01 5:0.01 
(5) mass corrections 5:0.01 ±0.01 ±0.01 
total (1) to (4) 5:0 10 5:0.06 4-0.07 
Rb3 1.01 ± 0.08 (stat.) + 0.10 (syst.), 
R~aSc - 
/z (1991) : 
R3b 0.99 ± 0.05 (s tat . )+ 0.06 (syst.), 
R~dsc -- 
e (1991) : 
Rb3 0.91 ± 0.08 (stat.) ± 0.07 (syst.). 
R~dsc -- 
A weighted average of the above measurements, ak- 
ing into account he common systematic errors out- 
hned in table 2, gives 
Rb3 0.97 :~ 0.04 (stat.) ± 0.04 (syst.). R~dsc  - -  
In first order QCD, the three-jet rate is directly pro- 
portional to the strong coupling constant, i.e. R3 c~ 
as. The ratio Rb3/R~ dsc is therefore a direct measure 
of the relative strength of the coupling constants. It 
has been verified that the influence of second order 
QCD corrections to the relation between Rba/R~ dsc 
and b , udsc as /% does not significantly affect the deter- 
mlnatlon of the relative coupling strengths within the 
present statistical accuracy of the experiment, partic- 
ularly when small energy scales (#2 ~ yourS) in the 
second order QCD expression are considered. The ra- 
tio for the relative strength of the coupling constants 
is thus determined to be 
a'b _ 0.97 ± 0.04 (stat.) + 0.04 (syst.). aUs dsc 
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4.2. method 2: f ittmg the lepton p and lYr dtstrlbutton 
tn two- and three-jet events 
In the second method, rather than applying strin- 
gent cuts to obtain an enriched sample of b events, 
the predicted shapes of the lepton spectra from the 
processes t = 1 to 6 were used to fit the correspond- 
ing p and p~C distributions of the data. Here, the mo- 
mentum range considered was 4 < p (9) < 35 GeV/c 
for muons, and 3 < p (e) < 30 GeV/c for electrons. 
The analysis proceeded first by deducing from the 
Monte Carlo simulation the two-dimensional p and 
p~"~ probability distributions for each of the sources 
of prompt and background leptons. These are taken 
separately for two- and three-jet events at patton level 
leading to two- or three-jets at detector level. To help 
obtain smooth distributions, dedicated samples of in- 
elusive lepton simulation events were generated. The 
probability distributions are thus denoted by 
pmn , 
where m is the number of  jets at parton level, n the 
number of jets reconstructed at detector level, and t 
refers to the six categories of lepton candidates. The 
value of ycut was chosen such that the fraction of four- 
jets at parton level is not greater than 1%. These were 
grouped with the three-jet events. A correction was 
later made for their contribution to the m = 3 sam- 
ple when computing a b. For the prompt leptons, the 
probability distributions, p,mn= 1,4, were constructed as 
a function of fragmentation variable, z [22]; this al- 
lowed the heavy quark fragmentation functions to be 
fitted. 
Next the data were binned in p and p~C space for 
two- and three (or more)-j et event samples and fitted 
simultaneously by a maximum likelihood method to 
the functions F (n-jet): 
(N2 ,-22 22 F (2-jet) = ~ , j, p, + N,3f32p3, 2), 
t~l,6 
~-~ ()V3r33 33 F(3-jet) = 2-., ' J' p' + N'z f 23 p~3 )
/~1,6 
Nt m gives the total number of  m-jet events at parton 
level of type i, and finn IS a fraction that gives the 
probability of an n-jet event at detector level to have 
originated from an m-jet event at parton level, such 
that 
f22 + f23 = 1 and fz 32 + f33 = 1. 
The corrections due to detector and hadronization 
effects, obtained using the Monte Carlo simulation 
model and calculated as a function of z for processes 
t = 1,4, are therefore incorporated into these frac- 
tions. 
The free parameters in the fit are c~ b, the total num- 
ber ofb events (or equivalently the product branching 
ratio BR (Z ~ bb) x BR (b --+ 9, e) ), and eb of the Pe- 
terson fragmentation function [28]. Together, these 
parameters control the entries N, m 1,3 and their respec- 
tive detection efficiencies (which themselves are a 
function of z), the shapes of the probability distri- 
mn mn butions, p,= 1,3, and the fractions f=  1,3. In calculating 
the cascade contribution to the inclusive lepton signal, 
the ratio of the branching ratios BR(b ~ c --+ 9, e) 
/BR(b ~ 9,e)  was taken to be 1 .0±0.2  [31], and 
the product branching ratio b --+ ~ --+ 9, e was taken 
as 0.9% [32,33]. The contribution from charm (i.e. 
N m mn c the ,=4, pmn4 and f=4) is likewise governed by as, 
total number o fc  events (or equivalently the product 
branching ratio BR(Z  ~ c~) x BR(c ~ 9,e)) ,  and 
ec, while the amount of background from misidenti- 
fication and decays is determined by N~' and N~ re- 
spectively. However, owing to the large overlap be- 
tween the charm and background istributions in p 
and p~nC space, no significant result for charm is ob- 
tained. The charm contribution was therefore fixed to 
the Standard Model prediction (with BR(c --+ 9) = 
9% [34] ), and a~ (Mz0) set to the current world aver- 
age as value of 0.l 18 [2], while the number of back- 
ground events from mlsldentification and decays was 
allowed to vary. 
For the as determination there is a dependence on 
the choice of renormalization scale, x u = 92/s (here 
9 denotes the energy scale); a b (Mz0) was therefore 
determined as a function of the scale in the range 
0.003 ~< xu ~< 1, which corresponds to a choice of/z 
in the range between the b quark mass and Z ° mass. 
The quoted value of as (Mz0) is then the arithmetic 
mean of the two most extreme values; an error due 
to the scale uncertainty is assigned by taking half the 
difference between the two extreme values. The results 
have also been corrected for the small contamination 
&four-jet events in the three-jet (m = 3) sample (at 
parton level), for initial state radiation and for the 
b quark mass [23 ]. The latter correction amounted 
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Fig. 2 (a) The p~nC distribution of muon candidates in the 1991 two-jet hadronac data within the range 4 < p (#) < 35 GeV/c, 
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to a change in a) of about + 4% when using the E ° 
recombination scheme with Yeut = 0.06. Fig. 2 shows 
the p(/z), p~C(#) distribution of the 1991 n-jet data, 
together with the results of the fit. 
A number of sources of systematic uncertainties 
were investigated. These, together with their esti- 
mated errors, are listed in table 3, and are as follows: 
( 1 ) The contributions to the reclusive lepton sam- 
pie from background processes were varied by -4-15% 
from the fitted values, while the contribution from 
charm was left free. The contributions from Dalitz 
decays of the n °, and from photon conversions in the 
DELPHI material, were further vaned by i50% in the 
inclusive electron sample. These variations resulted 
in a large change for charm, but had only a small ef- 
fect on as  b. 
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Table 3 
Systematic errors (rounded to the most slgmficant decimal 
place) on the experimental measurement of as b (method 2). 
The errors due to ( 1 ) to (4), (8) and (9) are common to the 
two inclusive muon samples, and lead to a common system- 
atic uncertainty of i0.003. Systematlcs (2), (3), (8) and 
(9) are largely common to the muon and electron samples, 
from where a common uncertainty of ±0.002 is esnmated. 
Systematic A @ 
1990 # 1991 /t 1991 e 
(1) background -t-0.002 ±0 002 ±0.002 
(2) charm, cc, a c -4-0.001 -4-0.001 4-0.001 
(3) bottom, fragmentation ±0.001 ±0.001 ±0.001 
(4) lepton detecnon eff. ±0.001 ±0.001 +0.001 
(5) details of fit ±0.002 ±0.001 ±0.002 
(6) kmemanc uts 4-0.002 ±0.001 ±0.001 
(7) Pr definitmn ±0.002 ±0 002 ±0 002 
(8) detector effects +0.001 ±0.001 +0 001 
(9) mass correcnons ±0.001 +0.001 ±0.001 
total (1) to (9) ±0.005 ±0.004 +0.005 
(10) renormalizatmnscale +0.008 :50.009 ±0.008 
(2) The contribution from charm was varied by 
changing the product branching ratio BR(Z  ~ c?) x 
BR(c ~ iz.e) by :5 25o/0, by allowing the ec parame- 
ter to vary such that 0.48 ~< (xe (c)) ~ 0.56 [20,351, 
and by changing the value of c~ by :5 30%. Large dif- 
ferences in the fitted level of background were seen, 
but the effects on C~s b were small. 
(3) The contribunon from bottom was hkewise var- 
ied by changing the product branching ratio BR (Z 
bb) x BR(b ---, #,e)  by 4- 10% from the fitted value 
(which was in excellent agreement with published 
values [ 11,19-21 ] ); the uncertainty m the contribu- 
tion from the cascade decays was studied by varying 
the ratio BR(b ~ c --+ ¢t,e) /BR(b ~ ¢t,e) by ± 
20%. These changes, however, had little impact on the 
~) measurements. The fit was repeated using several 
other forms for the fragmentation functmn [29,36]; 
these not only influence the momentum spectra oflep- 
tons from direct and redirect b decay, but, m addi- 
tion, mfluence the hadronizatmn corrections that are 
applied. Only small deviations in a)  were, however, 
apparent. Typmal values of (xe (b)) were m the order 
of 0.71 to 0.73, m agreement with published values 
[11,19,20,27]. 
(4) The result for as b was found to be slightly sen- 
sitive to changes of +2% in the relative lepton detec- 
tion efficiencies for two- and three-jet events. 
(5) Systematic effects due to detads of the fit were 
investigated by repeating the fit with different bin- 
nlng. The results for c~s b were found to be relatively 
stable. 
(6) The influence of kinematic uts was also inves- 
tigated. Fits were repeated with the lower cuts var- 
ied over the range 3 to 5 GeV/c for p, and 0 to 0.5 
GeV/c for p~,C; only small deviations outside expec- 
tations from statisncal f uctuations were evident. 
(7) The fit was repeated with different definitions 
of the transverse momentum. In computing p~,C, the 
value of djom in the LUCLUS algorithm was altered 
to 4.0 GeV/c; in another fit, p~n~ was measured with 
respect o the jet axis computed by the E ° jet finding 
algorithm ruth ycut = 0.02; in a third fit, p~XC, as used 
in method 1, was chosen. The changes in a)  due to 
these various PT definmons were incorporated in the 
systematm error. 
(8) To investigate the effects of possible deficien- 
cies in the s~mulation of the detector, fits were re- 
peated using tighter cuts on the polar angle of the 
thrust axis. 
(9) A systematic error due to the uncertainty in the 
size of the mass corrections was also applied. 
(10) Finally, a systematic error was assigned ue to 
the uncertainty inherent in the choice ofrenormaliza- 
tion scale. 
As a further consistency check, fits were also re- 
peated with Ycnt values of 0.05 and 0.07; the results 
obtained were in good agreement. 
The results quoted, in O(as 2) and at the Mzo scale, 
are 
# (1990):  
b % = 0.126 
+0.009 (s ta t . ) i  0.005 (syst.) i 0.009 (scale), 
/z (1991) : 
b % = 0.115 
+0.006 (stat.) :5 0.004 (syst.) :5 0.008 (scale), 
e (1991) : 
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b as = 0.117 
4-0.009 (stat.) ± 0.005 (syst.) 4- 0.008 (scale). 
Combining the above measurements, taking ac- 
count of the common systematm uncertainties out- 
lined in table 3, the final result quoted, at the Mz0 
scale is 
b 
as = 0.118 
4-0.004 (stat.) 4- 0.003 (syst.) 4- 0.008 (scale). 
A comparison with as for all flavours as measured 
from the three-jet fraction of all the hadronic events, 
R3 (had), further allowed the b coupling strength to be 
expressed in terms relative to that for the udsc  quarks. 
Such a comparison has the advantage of cancelling 
certain common systematic errors, in particular that 
due to the scale. 
For a value of Yc,t = 0.06 within the E ° recombi- 
naUon scheme, using 1990 and 1991 data, as, in sec- 
ond order [16] and corrected for mass effects [23], 
is measured for all flavours at the Mz0 scale to be 
udscb 
as = 0.118 
±[< 0.001] (star.) ± 0.002 (syst.) ± 0.008 (scale), 
where the systematic error includes uncertainties in
the hadronization process and detector acceptance. 
This result is in excellent agreement with that obtained 
from a multi-jet analysis appearing in a previous pub- 
lication [ 3 ]. 
The relative coupling strengths are thus computed 
to be 
c~sb 1.00 + 0.04 (stat.) 4- 0.03 (syst.). 
ozudsc - -  
5. Summary 
The strong coupling constant for b quarks has been 
determined from a multi-jet analysis of a total of 
356 000 hadronic events, and that subset containing 
leptons. An analysis based on a comparison of the 
three-jet fraction m a b enriched sample of events (se- 
lected by requiring leptons with large p and p~XC) to 
that of all hadronic events, ymlded 
auds c -- 0.97 -t- 0.04 (stat.) 4- 0.04 (syst.) 
[method 1 ]. 
A study of the predicted ratio b udsc R3/R  3 as a function 
of your, for different recombination schemes, further 
illustrated the significance of the effect of the b quark 
mass on the multi-jet cross section [23]. 
By fitting the p and p~e spectra of the lepton candi- 
dates in both two- and three-jet event samples imul- 
taneously, usmg the spectra predicted from the Monte 
Carlo simulation for b, c and background events, a 
measurement of a) at the Z ° mass scale, in O(a~), 
was obtained: 
b as = 0.118 
4-0.004 (stat.) 4. 0.003 (syst.) 4- 0.008 (scale). 
A comparison with as for all flavours as measured 
from the corrected three-jet rate in the hadronic event 
sample nabled ameasurement of he relative strength 
of the couphng constants, thereby cancelling some of 
the common systematic errors, in particular the scale 
error 
a) - 1.00 4- 0.04 (stat.) 4- 0.03 (syst.) 
o~udsc 
[method 2]. 
The two methods, which are subject o different sys- 
tematic uncertainties, give results that are in gratify- 
mg agreement. 
The results presented are in agreement with those 
of ref. [8 ], and verify the flavour independence of the 
strong couphng constant as predicted by QCD. 
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